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Àííîòàöèÿ

Ïîñòðîåíî òåîðåòè÷åñêîå îáîñíîâàíèå

÷èñëåííîãî ìåòîäà èç ñåìåéñòâà ïîëó-

Ëàãðàíæåâûõ ìåòîäîâ äëÿ óðàâíåíèÿ

íåðàçðûâíîñòè. Ñõåìà èìååò ïåðâûé ïî-

ðÿäîê òî÷íîñòè è ïîçâîëÿåò àêêóðàòíî

ó÷èòûâàòü êðàåâûå óñëîâèÿ. Äîêàçàíî,

÷òî äëÿ áèëèíåéíîé èíòåðïîëÿöèè ÷èñëåí-

íîãî ðåøåíèÿ âûïîëíÿåòñÿ äèñêðåòíûé

àíàëîã áàëàíñîâîãî ñîîòíîøåíèÿ.

Ïóñòü D � êâàäðàò [0, 1]× [0, 1]. Â îáëà-

ñòè [0, T ]×D ðàññìîòðèì óðàâíåíèå

∂ρ

∂t
+

∂(uρ)

∂x
+

∂(vρ)

∂y
= 0,

çàäàííîå ñ íåêîòîðûìè ãðàíè÷íûìè óñëî-

âèÿìè. Äëÿ ïîñòðîåíèÿ ÷èñëåííîãî ðåøå-

íèÿ èñïîëüçóåì êâàäðàòíóþ ñåòêó Dh ñ øà-

ãîì h = 1/N è âðåìåííûå ñëîè tk = k τ ñ

øàãîì τ = T/M . ×òîáû îïðåäåëèòü ÷èñ-

ëåííîå ðåøåíèå ρk
i,j, ïîñòðîèì òðàåêòîðèè

âîñüìè òî÷åê èç îêðåñòíîñòè óçëà (xi, yj) ñ
k-ãî âðåìåííîãî ñëîÿ íà k − 1. Ïåðåñå÷å-
íèÿ ýòèõ òðàåêòîðèé ñ ïëîñêîñòüþ tk−1 îá-

ðàçóþò ìíîãîóãîëüíèê P k−1
i,j . Åñëè òðàåê-

òîðèè ðàíüøå ïåðåñåêàþò ïëîñêîñòü x = 0,
òî âîçíèêàåò ìíîãîóãîëüíèê Lk−1

i,j . ×èñëåí-

íîå ðåøåíèå ρh îïðåäåëèì ïî ôîðìóëå

ρk
i,j =

1

mes(Ωi,j)

∫
P k−1

i,j

ρI
h (tk−1, x, y) dP +

+
1

mes(Ωi,j)

∫
Lk−1

i,j

(ρu)I (t, 0, y) dL,

ãäå mes(Ωi,j) îçíà÷àåò ïëîùàäü Ωi,j, à

ôóíêöèÿ ρI
h � áèëèíåéíàÿ èíòåðïîëÿöèÿ

ρh. Ñõîäèìîñòü èññëåäîâàíà â äèñêðåòíîì

àíàëîãå íîðìû ïðîñòðàíñòâà L1(D):

‖ρh(tk, ·)‖Lh
1

=
N∑

i,j=0

∣∣∣ρk
i,j

∣∣∣ mes(Ωi,j).

Äîêàçàíû ñëåäóþùèå óòâåðæäåíèÿ.

Òåîðåìà 1. Äëÿ ÷èñëåííîãî ðåøåíèÿ ρh

çàäà÷è ñïðàâåäëèâà îöåíêà:

‖ρh(tk, ·)− ρ(tk, ·)‖Lh
1
≤ k(c1h

2 + c2hτ 2)

ñ êîíñòàíòàìè c1, c2 íå çàâèñÿùèìè îò
k, h, τ .
Ñëåäñòâèå. Ïóñòü âûïîëíåíû óñëîâèÿ

òåîðåìû 1 è tk = T , τ = c h, òîãäà

‖ρh(T, ·)− ρ(T, ·)‖Lh
1
≤ c3Th.

Äëÿ èíòåðïîëÿöèè ρI
h äîêàçàí äèñêðåòíûé

àíàëîã áàëàíñîâîãî ñîîòíîøåíèÿ.

Òåîðåìà 2. Ïóñòü ρh � ÷èñëåííîå ðåøå-
íèå çàäà÷è. Òîãäà ∀ k = 1, . . . ,M∫
D

ρI
h (tk, x, y) dD =

tk∫
tk−1

1∫
0

(ρu)I (t, 0, y) dy dt +

+
∫

D\R

ρI
h (tk−1, x, y) dD −

∫
R

ρI
h (tk−1, x, y) dD.

Âû÷èñëèòåëüíûå ýêñïåðèìåíòû ïîäòâåð-

æäàþò òåîðåòè÷åñêèå âûêëàäêè.
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