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Unbounded Precision Computation advertiadverti--
sementsement

• guaranteed behavior, closed under composition

• Mathematical idealization  double/� → �

yields conceptual simplification (real closed field)

• tap new algorithmic approaches and applications

(e.g. 1000 iterations of the logistic map)

Computability and Complexity in Analysis (CCA)

Theory of (approximate) real computing 
with prescribable absolute output error 2-n.

e.g. "P versus NP",

quant. Topology

Stephen A. Cook's
last two PhD students

Recursion Theory,

(qual.) Topology

"Weihrauch School"

incl. asym. runtime
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Computable Real Functions

xx∈∈�� computable computable ⇔⇔ ||xx--aann/2/2
nn+1+1||≤≤22--nn for recursive for recursive ((aann))⊆⊆��

A computableA computable
function function must must 
bebe continuouscontinuous
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Real Function Complexity

Function f:[0,1]→� computablecomputable

if some TM can, on input of n∈� and of

(am)⊆� with |x-am/2m+1|<2-m 

output b∈� with |f(x)-b/2n+1|<2-n.

in timein time tt((nn))
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Examples: a)  ++, , ××, , expexp
b) ff((xx))≡≡∑∑nn∈∈L L 44--nn iff LL⊆⊆{0,1}{0,1} * * decidable

in timein time tt((nn))

ObservationObservation i) If i) If ƒƒ computable computable ⇒⇒ continuous.continuous.

ii)ii) IfIf ff computablecomputable in timein time tt((nn)), , thenthen

tt((nn+2+2)) isis a a modulusmodulus of uniform of uniform continuitycontinuity of of ff..

�n := { k/2n : k∈� },  � =     n �n dyadic rationals

(≡p  ρsd-name) 

on [0,1]!

XSC ?

polytime

polytime-

c) 1/ln(e/1/ln(e/xx)) not polytime-computablec) sgn, Heavisidesgn, Heavisidenot computable
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Example b): Given real symmetric d×d
matrix A, find an eigenvector:

but computable when knowing Card σ(A) [Z+B'04]

canonical C++ canonical C++ 

declaration/interfacedeclaration/interface

x

Effects in Real Complexity

� Consider multivalued 'functions'

� additional discrete data ('enrichment').

sgn(x)
Example a): Tests for in-
/equality are undecidable

incomputable;

with

Example c1): expexpnot computable on entire �,

c2) Evaluation (ƒ,x)→ƒ(x) is not computable
in time depending only on output precision n.

�parameterized real complexity

ε·

�
cos(1/ε) sin(1/ε)

sin(1/ε) − cos(1/ε)

�

not
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Shary/
Kreinovich

Nonuniform Complexity of Operators

ƒ:[0,1]→[0,1] polytime computable  (⇒ continuous)

• Max: Max: ƒƒ →→ Max(Max(ƒƒ): ): xx →→ max{ max{ ƒƒ((tt): ): tt≤≤xx}}
Max(Max(ƒƒ)) computable in exponential time;

polytime-computable  iff  P=NP

• ∫∫: : ƒƒ →→ ∫ƒ∫ƒ: : xx →→ ∫∫00
xx ƒƒ((tt) ) dtdt

∫ƒ∫ƒ computable in exponential time;

polytime-computable  iff  P=#P

• dsolve: C[0,1]dsolve: C[0,1]××[[ --1,1] 1,1]  ∋ ∋ ƒƒ →→ zz:   :   żż((tt)=)=ƒƒ((tt,,zz),  ),  zz(0)=0(0)=0.
in general no computable zz
for ƒ∈ƒ∈CC11 polytime-computable  iff  P=PSPACE

for ƒ∈ƒ∈CCkk between CH and PSPACE

even when
restricting
to ƒ∈ƒ∈CC∞∞

but for but for 
analytic analytic ƒƒƒƒƒƒƒƒ
polytimepolytime
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vivi) ) maxmax on [on [aa,,bb]]v) v) antianti--derivativederivative,,

binarybinary
unaryunary

• tail bound |∑j≥N cj zj| ≤ C·(|z|/r)N/(1-|z|/r)

Representing Power Series

∑j cj zj • radius of convergence R=1/limsupj |cj|
1/j

• to 0<r<R exist C∈�: |cj|≤C/rj

Complexity uniform in |z|≤1:
Convergence degrades es as r→1; quantitatively?

Theorem 1: Represent series ∑j cj zj with R>1
as [a (ρsd)

ω-name of]  (cj) and K,C∈� as above.

The following are uniformly computable in time 

polyn. in n+K+ log(C): 

(i.e. R>1)

iii) iii) productproduct,,ii) ii) sumsum,,

iviv) ) derivativederivative,,

• � ∋ K :≥ 1/log(r) = Θ(1/(r-1))

i) i) evaleval,,

11

rrRR

(Cauchy-Hadamard)
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binarybinary
unaryunary

Uniformly Polynomial Time 
Operations on Power Series
∑j cj zj • radius of convergence R=1/limsupj |cj|

1/j

• to 0<r<R exist C∈�: |cj|≤C/rj

ProofProof (Sketch, i):(Sketch, i):

• � ∋ K :≥ 1/log(r) = Θ(1/(r-1))

iii) iii) productproduct,,ii) ii) sumsum,,i) i) evaleval

iviv) ) derivativederivative,,

|∑j≥N cj zj| ≤ C·2-N/K·r·K
r≥21/K

• tail bound |∑j≥N cj zj| ≤ C·(|z|/r)N/(1-|z|/r)

vivi) ) maxmax on [on [aa,,bb]]v) v) antianti--derivativederivative,,

Theorem 1: Represent series ∑j cj zj with R>1
as [a (ρsd)

ω-name of]  (cj) and K,C∈� as above.

The following are uniformly computable in time

polyn. in n+K+ log(C): 

11

rrRR

≤2-n
N≈K·(n+log K)+log C
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binarybinary
unaryunary

Uniformly Polynomial Time 
Operations on Power Series
∑j cj zj • radius of convergence R=1/limsupj |cj|

1/j

• to 0<r<R exist C∈�: |cj|≤C/rj

ProofProof (Sketch, (Sketch, iviv):):

• � ∋ K :≥ 1/log(r) = Θ(1/(r-1))
cj'=(j+1)·cj+1

|cj'|≤C'/rj C'C' notnot continuouslycontinuously computablecomputable

|cj'|≤C'/√r j C':≥C·(1+2K/e·ln 2) K':=2K

iii) iii) productproduct,,ii) ii) sumsum,,i) i) evaleval,,

iviv) ) derivativederivative vivi) ) maxmax on [on [aa,,bb]]v) v) antianti--derivativederivative,,

Theorem 1: Represent series ∑j cj zj with R>1
as [a (ρsd)

ω-name of]  (cj) and K,C∈� as above.

The following are uniformly computable in time

polyn. in n+K+ log(C): 

11
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Uniformly Polynomial Time 
Operations on Power Series
∑j cj zj • radius of convergence R=1/limsupj |cj|

1/j

• to 0<r<R exist C∈�: |cj|≤C/rj

ProofProof (Sketch, (Sketch, vivi):):

Theorem 1: Represent series ∑j cj zj with R>1
as [a (ρsd)

ω-name of]  (cj) and K,C∈� as above.

The following are uniformly computable in time

polyn. in n+K+ log(C): iii) iii) productproduct,,ii) ii) sumsum,,i) i) evaleval,,

vivi) ) maxmax on [on [aa,,bb]]v) v) antianti--derivativederivativeiviv) ) derivativederivative,,

∑j≤N r j xj

 Φ(a,b,y,r0,…,rN) := "∃x:  x≥a ∧ x≤b ∧ ∑j≤N r j xj ≥ y"
∃∃--quant. quant. FO FO sentencesentence overover �� withwith �� coefficientscoefficients

[[TarskiTarski] ]  ⇔ ⇔ quant.quant.--freefree FO FO ΨΨ computcomput. in . in poly.timepoly.time

rat. rat. approxapprox to to bb

approxapprox to to 22--nn--11== ε ε/2/2
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2nd order 2nd order representationrepresentation

unary

1/L

1
/L

U

Km≥1/log(rm)

Real Analytic Functions on [0,1]

Definition: Cω[0,1] := { f:[0,1]→� restriction of 

complex differentiable g:U→�, [0,1]⊆U⊆� open }

∑j cj,m·(z-xm)j, m=1…M 

Equival.: f∈C∞[0,1] and ∃F,L∈� ∀x ∀j:  |f(j)(x)|≤F·Lj

Equival: f finitely many local power series on [0,1]

• real sequence f(d)d∈�∩[0,1]

• L∈� binary: RL ⊆ U
• G∈� unary ∀z∈RL: |g'(z)|≤G.

• real sequence f(d)d∈� and F∈� binary, L∈� unary

Cm,Km∈�: |cj,m|≤Cm/rm
j

binary

RL := {x+iy: |y| ≤ 1/L, -1/L ≤ x ≤ 1+1/L }

Theorem 2:Theorem 2: These These 

areare mutuallymutually polyn.polyn.--

time time equivalentequivalent

Theorem 3:Theorem 3: On On CCωω[0,1][0,1], , i) i) evaleval ii) ii) sumsum …… vivi) ) maxmax
areare computablecomputable withwithinin parameterizedparameterized polynpolyn. time. time



Maximizing Analytic
Functions in Polytime

Conclusion and Perspectives

For the space of real analytic functions, presented

• uniform strengthenings of previous algorithms

• with parameterized upper complexity bounds

• and specification of (additional discrete) data

i.e. function interface declarations

• Actually implement the algorithms

• Quantitatively refine parameterized
polytime upper complexity bounds

• multivariate power series? Gevrey?

• Devise new approaches (e.g. to solving ODEs)

• Collaboration of CCA and Interval communities!
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Remember Dagstuhl 2006
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