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Problem statement

We consider a linear dynamic system described by the following equation:

n
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where
(k

x(k) € R" is the state of the system at time k;
u(k

)
) € R™ is the control input at time k;
wi(k),j =1,...,n, are independent white noises
with zero mean and unit variance;

Ay(k) € R'=¥7e, By (k) € R'=¥m j = 0,...n,

are the state-space matrices of the system.
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The elements of the state-space matrices are known not exactly, and we have

only the intervals of their possible values:
Aj(k) c Aj, B]</€) c Bj, 7=0,...,n, k>0, (2)

where
A]‘ c ]IRnxxnx, Bj € ]I]Rnxxnu,j =0,...,n;
R is the set of the real intervals x = [z,7], z < 7, z,7 € R.

The interval matrices A;,B;,j =0,...,n, create a polytope
Q:CO{[A()l...Anl BOI---Bnl}7---7[A0L---AnL BOL---BnL]}a
where Co{-} is a convex hull. Then the condition (2) can be described as:

[Ag(k) ... Ay(K)Bo(k) ... Bu(k)] €Q, k> 0. (3)



We consider the following performance objective:
min max J(k),

w(k+i|k)=F (k)2 (k+i|k),i>0, [Ag(k+4)...An(k+3)Bo(k+i)... B (k+i)] €, i>0,

o0
J(k)=E { > (w(k+ k) Quk + ilk) + u(k + i|k)" Ru(k + i|k)) ! (k) }
i=0 nt
E{-|-} denotes the conditional expectation;
(), R are symmetric positive definite weighting matrices, ¢) > 0, R > 0.
u(k + i|k) is the predictive control at time k + ¢ computed at time k,
and u(k|k) is the control move implemented at time k;
x(k + i|k) is the state of the system at time k + ¢ derived at time k by
applying the sequence of predictive controls u(k|k), u(k+1|k), ..., u(k+i—1]k)

on the system (1), and z(k|k) is the state of the system measured at time k.
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We compute the optimal control according to the linear state-feedback law:
u(k +1ilk) = F(k)xz(k+ilk), >0, (5)

where

F (k) € R"™>" ig the state-feedback matrix at time k.

We solve this problem by minimizing an upper bound on the objective func-
tion J (k). We derive an upper bound on our objective function J (k) and at each
sampling time k we calculate predictive control u(k+ilk) = F(k)z(k+i|k),i >
0, so to minimize this upper bound. At time k only the first control move
u(k) = u(k|k) is implemented and we get the feedback control for the cur-
rent state x(k). Then the state x(k 4 1) is measured and the optimization is

repeated at the next sampling time k£ + 1.



Main Results
The following theorem gives the state-feedback matrix.
Theorem The state-feedback matrix of the control low (5) which mini-

mizes the upper bound on J(k) at sampling time k s given by:
F(k) =Y (k)S(k)™, (6)

where the matrices S(k) = S(k)T > 0 and Y (k) are the solutions to the

following eigenvalue problem (EVP):

min k -
fy(k)>0,5(k):L19(k)T>O,Y(k) ’y( ) ( )

subject to

1 z(k)!
z(k) S(k)

>0

— )



and
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Cnl
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CL S(k)QV? Y (k)TRY?

0 0 0
S(k) 0 0
0 v(k)I 0

le = AJZS(]{) + BﬂY(l{?), 7=0,...,n,

ooooo
7 7

I 1s a unit matriz, 0 s a zero matrix of suitable dimensions,

the signs 7 > 07,7 > (07 denote the matrices to be positive definite

or positive semidefinite.
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As a result we get the optimal robust control strategy providing the system

with stability in the mean-square sense:
E {x(k +ilk)z(k +i|k)" |z(k)} =0 for i— oo.

The problem (7) is concerned with the class of convex optimization problems
with a liner goal function and linear matrix inequalities (LMI) constraints.

There are effective numerical methods for solving such of problems.
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Numerical Example

Consider the system described by following equation:

z(k+1)= (Ao(k) + A1(/<:)w(k:)>a:(k) + (Bo(kr) + B1(k’)w(k’)>u(k),

where

a(k) = [0.1,0.7], B(k) = [0.2,0.8].
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The weighting matrices of the performance objective are

10 0.1 0
01 0 0.1

The next figures show the simulation results. The initial state z(0) = [5—5] .
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