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PaccmoTpens! Tpu Ki1acca ONTUMH3ALAOHHBIX 331a4: TPYIIOBas 3aada MUHUMH3ALNH, 1BO-
WYHas 3a/7a4a ONTHUMM3ALMM WM LEJIOYHMCICHHAs JIMHEHHas 3ajada onTuMusauuu. s xaxmaoro
KJ1acca BBOJUTCSI MOHATHE MHOTOBEpIIMHHNKA. DOPMYIIUPYIOTCS U JOKA3bIBAIOTCS HOBBIE CBOWCT-
Ba 3THX MHOTOBEPIUINHHUKOB. B mpsmMoM MeTojie TUCKPETHOW ONTUMHU3AINH, pa3paboTaHHOM aB-
TOPOM [UI1 YHCICHHOTO PEIICHUS LEIOYMCICHHON JIMHEHMHOM 3aJadd ONTHMHU3ALUHU, CTPOSTCS
IpyNIIOBOE YPABHEHUE U CIPABEIJINBOE HEPABEHCTBO, KOTOPBIE MO3BOJSAIOT ABUIaThCS OT OJHOM
BEPIMHBI MHOTOBEPIIMHHUKA K APYTOM Kak B CUMILJIEKC-METOIE.

Kniouesvle cnosa: rpynma, KoHeUHas: abeseBa rpyra, TpyNnnoBoe ypaBHEHUE, CIIPaBENINBOC
HEPAaBEHCTBO, MHOTOBEPIINHHUK, 331a491 ONTUMHU3ALH.

BBenenue. [IprBeneM U3BeCTHBIE ONPEICIICHUS, UCTIOIB3YEMbIE Jasiee B TeKCTe [1, 2].

Onpenenenne 1. CoOTBETCTBHE, B CUITy KOTOPOTO KXol mape sneMeHToB d,b MHOxkecTBa
M , B3aTEIX B 1aHHOM HOPSIKE, COOTBETCTBYET €AUHCTBEHHBII SJIEMEHT ¢ TOTO K€ MHOXKECTBA M,
Ha3bIBAaeTCs anredpanveckoil oneparyei, onpeaeneHHon B M.

Onpenenenne 2. MuoxectBo G ¢ onpeeneHHoil B HeM anrebpandeckoi onepanueii - Hasbl-
BAETCS TPYIIOM, €CIIH:

— onepauus accouuaTtusHa, To ects (a-b)-c = a-(b¢) nna mobeix a,b,c us G;

— omepauusi TapaHTUPYET €AUHUIY, TO €cTh B (G CyIIECTBYeT TakoH 3JIeMEHT € (eIMHHUIA),
yro ea =ae=a pnsi moboro a w3 G ;

— oIepanus rapaHTUpyeT 0OpPaTHBIE HJIEMEHTEHI, TO €CTh I moboro d u3 (G cymecTByer Ta-
ko onement X u3 G (obparueli k @), uro xa=ax=e [1,2].

Onpenenenne 3. [Topsnok snementa grpynnsl G — HaMMEHbILIEE MONOKHUTENBHOE IEOE

YHCIIO P TaKoe, YTO BhINONHSACTC P =8p =g+ g +...+ =g, r1e g, — HOJIb IPYTIIIbL
P
Onpenenenue 4. ['pynna G Ha3bIBaeTCA LMUKIMYECKOM TPYIIION, €CIM OHA COCTOMT U3 Kpat-
HBIX OJTHOTO M3 CBOUX 3JIEMEHTOB.
Onpenenenue 5. CrpaBeIMBLIM HEPABEHCTBOM JUIS HENYCTOIO MHOXKECTBA S Ha3bIBAETCA
JMHEHHOE HEPABEHCTBO C JEHCTBUTENbHBIMU KO3 (DULIMEHTAMU

,
Zﬂjxj 2Ty, TX 2 7Ty,
j=1

KOTOpOE BBINOJIHAETCS I BceX Touek X u3 MHokectBa S (S C R™).
CrnipaBeyIMBOE HEPABEHCTBO JJIsi MHOMKECTBA S T€OMETPUYECKH 3a1aéT 3aMKHYTOE MOIYIIPO-
CTPAHCTBO, B KOTOPOM LEIMKOM HAaXOIHUTCS MHOKECTBO S.

TX 2>

2T
Jlis mycTtoro MHoecTBa S 1H000€ HEPAaBEHCTBO 0 10 COIJIAIIEHUIO SABJISIETCS CIpPaBe-

JINBBIM HCPABCHCTBOM.
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IMocranoBka 3a1a4u. PaccMOTpUM IpynioBoe ypaBHEHHUE:
n
Zg it =
j=1

g, *#&, npu k=1, pna j=12,...,n BbinonHawTtca ycnosua g, €G,, (1)
8 # &> tjeZi, heG,,

. 1
rie G, — koHeuHast abeneBa rpymna nopsiaka d, g, — HOJIb 9TOH IPYIIIBI, 7., — muoKecTBO BCex HeOTpHIIA-

TCIBbHBIX ICJIbIX YUCCII.
Koadduuuenramu rpynnoBoro ypaBHeHus (1) sBIAIOTCSA pasiavyHble 31eMEHTbl rpynnsl Gy,

OTJIMYHBIC OT HYJIA ITOM I'pyHIIbI. HeOTpI/IL[aTeJIBHLIe HCJIOYUCIICHHBIC 3HAYCHHS TICPCMCHHBIX

tistysent,
Jaf0T KPaTHbIE COOTBETCTBYIOMNX KOA(PPHUIIMEHTOB.

Paccmotpum npumep 1, WimrocTpupyomui NOHATHE TPYIIIHL.

G=
IIpumep 1. AnreGpamdveckass omepamusi B MHOXXECTBE {go,gl,gz,&}’ COCTOSILLIEM U3
YEeThIPEX 3JIEMEHTOB IPOU3BOJILHOM MPUPOIBI, ONIPENEIAETCS CAEAYIOUUM 00pa3oM:

gi + gj = g(i+j(m0d4)) ’i = Oal>2a3’] = O>l>2a3 . (2)

Ha nepeceuennu cTpoku i u cTosbua j B Tabi. 1 HaxoquTes cymma g, + g ;.

Tabmuma 1 — Koneunas Onpenenenne 6. MHOrOBepIIMHHUKOM P IpynmnoBOro ypas-
abeneBa rpymma Henus (1) HaspIBaeTCs BBINMYKJIas 000JI0YKA BCEX HEOTPHLATEIBHBIX
iy 0 ‘ 1 ‘ 2 ‘ 3 | UEIOYMCTICHHBIX PEUICHUI ATOTO ypaBHEHHUS.
Olg g g g Omnpenenenue 7. Bpimyknoit o0Oomoukoil MHOXecTBa X Ha-
g g g g 3bIBA€TCSl HAMMEHBILIEE BBIITYKIIOE MHOXKECTBO, cofiepxailiee X.
: 2o ° CBoiicTBa MHOTOBEPIIMHHUKA IPYMIIOBOIO YPaBHEHHUSI.
& & & & CpoiicTBo 1. MHOroBEpIIMHHUK P IpyIIIOBOr0 ypaBHEHUS SIB-

g & & £ asiercst oo mycteiM (ypaBHeHue (1) He umeeT pemieHuit), Tmbo  n-

MEpHBIM.
JokazarenbcTBo. Pasnenum 5T0 10Ka3aTeNbCTBO HA IBE YACTH.
Yacrs 1. MHOroBepmIMHHUK P SBISETCS MyCTHIM TOrAAa U TOJIBKO TOIJA, KOIZa rpyIIoBOE
ypaBHenue (1) He umeer perienuii. [IpuBenem npuMep Takoro ypaBHEHUSI:

1
8t = 85,8, € Gy, 8, € Gty €l (3)
I'pymmosas onepauus B G, COCTOUT B CIOKEHUH 110 MOJYJIIO 6 HHICKCOB 3JIEMEHTOB IPYIIIIBL.
Hanpuwmep, g, + 8, = 85,81+ 85 = 80>84 + 85 = &3+
IToxcraBnsas B JeByI0 4acTh g,f, HeoTpuuarenbHble nensle uucna 0,1,2,3.4..., nomydaem

Tadi. 3, 4.

U3 tab. 2, 3 BUIHO, YTO JIEBasi 4acTh g,f, MOXET IPUHUMATH TOIBKO 3HAYCHUS Z,,Z,,Z, U
HE paBHa MpaBoii yacTu g, .CieqoBaTenbHO, ypaBHeHHE (3) HE HMEET PELICHUIA.

Yacrs 2. [Tycts rpymnmnosoe ypauenue (1) umeer xots 6b1 onHo pemenne ¢'=(¢'),t',,...,t").

Paccmotpum Bektopsl pkie,,l =1,2,...,n,rne p,— nopsiok snementa g k, — moboe He-

OTPHUIATEIILHOE 1IEJI0C YHCIIO0, €, — 1-it emUHUYHBIN BEKTOP.
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Tabmuna 2 — Kparuele anemenra g, Tabmuma 3 — Paz6ouenue mHoxectBa {0,1, 2,...} Ha 3 Ki1acca

t, -%3 8o & &4
0 g g2,0=g, g1l=g, g,2=g,
0
| . 8,3=8, 2,4=g, g2,5=g,
? g26:g0 g27:g2 g28:g4
2 &4
3 &o
4 g JloxaxeMm, 410 '+ Z; D,k,e, — pemenus rpymnmoBoro
ypaBHeHus (1):

Zgij l;. + (Zp,kle,j = Zgl./_t;. + Zgl.[ (Zplklelj =h+ Zgijpjkjl =h+ Zgokjl =
Jj=1 =1 j j=1 j=1  \UI=l j Jj=1 j=1

=h+Y g, =h+g,=h.

J=1
Bexropst '+ p,ke,l =1,2,...,n, muHeiiHO He3aBUCHMBI 3 CUCT CAMHUYHBIX BEKTOPOB €. 13
3TOTO CJIEYET, YTO YacTh MHOTOBEPIIMHHHWKA P siBisieTcs #-mepHoi. CliemoBaTeIbHO, U BECh

MHOT'OBCPIIMHHHK P saBnsaetcs N-MCPHBIM.

IIpumep 2. PaccMoTpuM rpymnnoBoe ypaBHEHHE

gty t &1, + 8414 :gaatezivgij €G,,g,€G, . 4)
Tabauna 4— CrannaprHas Tabauua Uit TpyNIoBOro ypaBHeHus (4)
&, & & &3
ds 4 2 4
’s 3 1 1
T, 1/3 2/3 1
g ¥, i ¥, ¥, i ¥, i
&o 0 0 0 0
g, +00 0 1/3 1 1/3 1 1/3 1
g, 400 0 2/3 1 2/3 2 2/3 2
g, +00 0 3/3 1 3/3 2 3/3 3
T, 1/3 2/3 1
Y 3 0 0
V2 1 1 0
Y3 0 0 I

Paccmotpum 1-, 2- 1 3-MepHblE MHOTOBEPILIMHHUKH.
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OpnHOMEpHBIN MHOTOBEPIINHHUK MOJy4aeTcs, €CIM PacCMOTPETh S5 MEePBbIX CTOJIOLIOB TabI. 4.

On npencrapnsgeT co0oi JIyd, HCXOAAIMI U3 TOUKHU [, =3 M JIeXKaIluii Ha HEOTPULATEIBHOH TOIy-

ocu Of,, ©MeeT oiHy IPaHb U OHY BEPIIMHY, KOTOPBIC IPEICTABICHBI TOYKOM #,=3 (cM. puc. 1).

2-MEpHBIi MHOTOBEPIIMHHHUK TOJY4aeTCs, €CJIM PACCMOTPETh 7 TEPBBIX CTOJIONOB TabIl. 4.
DTOT MHOTOBEPIIMHHUK UMeeT Be BepmuHsl: (3,0), (1,1).

2-MepHBIi MHOTOBEpIIMHHUK MMeeT TpH rpanu: jy4 [(3,0),( +oo, 0)), orpesok [(3,0),(1,1)],
ay4 [(1,1), (1, +00)).

DTOT 2-MepHbIil MHOTOBEPLINHHUK [OKa3bIBACT, YTO HEOTpHIaTenbHas noryock Of, He co-

JEPKUT IpaHb MHOTOBEPIIUHHUKA (CM. puc. 2).

3-MepHBIi MHOTOBEPIIMHHUK IOJy4aeTCs, €CIIM PAacCMOTPeTh 9 mepBbIX CTOJOIOB Tabx. 4.
OTOT MHOTOBEPIIMHHUK UMEET 3 BEPIIMHBI M 5 TpaHEH: IBE MOCTPOSHHBIE TUIOCKOCTH U TPH KOOP-
JIMHATHBIE TUTOCKOCTH. OJHAa M3 MOCTPOEHHBIX IIOCKOCTEH HAXOIUTCS B TaOl. 4, a BTOpas — B
TabJ1. 5, Moay4eHHOU /it rpynmnoBoro ypaBuenus [3] (puc. 3).

&ls + &l + &1 = &35 (5)

OTOT 3-MepHBIIf MHOTOBEPUIMHHUK TOKa3bIBaeT, 4To Touka (0,2,1) He sBseTcs BEpLUIMHOM.

Tabmuma 5

g, g5 g, g
d, 4 2 4
s 1 1
7T 1 0 1

Y, i Y, Y, i Y, i
&o 0 0 0 0
g oo 0 3 1 1 2 1 3
2, oo 0 2 1 0 2 0 2
g, oo 0 1 1 1 2 1 3
& 1 0 1
Vi 1 0 0
v 1 2 0
v 0 ] ]

Jst 5THX TpeX ciaydaeB JIETKO TOCTPOUTH PUCYHKH.

CBoiicTBO 2. MHOTOBEpITMHHUK P TpeAcTaBlIseT cO00H HEOTPAaHUYCHHYIO BBITYKIYIO 00-
JIaCTh, BCE KpailHUE TOYKU (BEPIIMHBI) KOTOPOU SIBISIIOTCA 1eiounciaeHHbIMEU. [TosTomMy B paboTrax
10 JUCKPETHOM onTuMuzaiuu [3, 4] MHOTOBEpIIMHHUK P Ha3bIBaeTCs IICJIOYUCICHHBIM MHOTO-

rpanaukoM (Polyhedron — maOTOTpanHuk, Polytope — MHOTOBEpITMHHNK).
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Puc. 1. OnHOMepHBINf MHOTOBEPIINHHUK Puc. 2. 2-MepHBIf MHOTOBEPUIMHHUK

Hoka3ateabcTBo. V3 mokasaTenbcTBa CBOMCTBA 1) 3a CUET yBEITUYCHHS kl MOJIy4aeM Heorpa-

HUYEHHYIO BBIYKIYIO 00s1acTh. M3 onpenenenus BbITyKI0H 000JI0UYKH CIIEAYET, UTO BCE BEPILUHBI
MHOTOBEPIINHHHKA P SBIAIOTCS LIeTOYUCTICHHBIMH.
CsoiicTBo 3. Eci HepaBeHCTBO ¢ JeiiCTBUTENbHBIMU KO3 purineHTamMu

> rit, >m, (6)
=

SIBIISICTCS CIPABEJTUBBIM JJISi MHOTOBEPIIMHHUKA P W €CII THUIEPIUIOCKOCTh, COOTBETCTBYIOIIAS
HepaBeHCTBY  (6),  comepkut  (n-1)-MepHyr0O  TpaHb  MHOTOBEpIIMHHMKAa P,  TO

T2 0,7=12,...,n,7,>0.
KoopaunatHas runepruiockocTb t,= 0 moxer u He comepxkarh (n—1)-MepHYIO TpaHb MHOTO-

BepHHUKA P. CyniecTByeT MpuMep, MOKa3bIBAIOIIUKN 3TO (CM. 2-X MEpHBIII MHOTOBEPIINHHUK B
npumMepe 2).

Joka3zareabcTBo. HepaBencto (6) -
CIIPaBEUIMBOE HEPABEHCTBO. 311ECH S — MHOMKeE-
CTBO BCEX PELICHUI rpymnmnoBoro ypasHeHus (1)
, TaK KaK CIIPaBeJINBOE HEPABEHCTBO JOJKHO
BBITOJIHATHCS U1 BCEX TOUEK U3 MHOXKECTBa S.

PaccmorpuMm ciywaif, korma oguH Kod3(-

¢uument 7, <0. Torma Hepasenctso (6) ne

—

p Oyzer cnpasemmuBeiM. W3 mokasarenbcTBa

cBoiicTBa 1) mpH AOCTaTOYHO OOJBIINX kj He-

paBeHCTBO (6) He BhIMONHsIeTcA. JleBas 4acThb
HepaBeHCTBa OyJeT OTPHUIATENIBHON, B TO Bpe-

Ms KaK IpaBasi 4acth paHa 77, > 0. Cuenosa-

TEJbHO, HE CYIIECTBYET HEPABEHCTB C OTpPHIIA-

t.

TeIbHBIMHU KO3 umnreHTamu, 3anaomux (1-1)-

Puc. 3: 3-MepHBIIT MHOTOBEPITHHHIK
MEpPHBIE TPaHU.
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CpoiicTBo 4. [loHsATHE MHOTOBEPIIMHHUKA BBOJUTCS ISl TPYIIIIOBOM 3aJla4yll MUHUMU3AIINH,
IUIA TBOMYHOM 3aJa4M ONTHMU3AIINY U JJIs LEJOUYHMCICHHON IMHEHHOM 3a1aul ONITHUMH3aI1H.

B mpsiMmoM MeToze AMCKPETHON ONTUMU3ALUH, pa3pabOTaHHOM aBTOPOM JJIsi YHCIEHHOTO pe-
IICHUSI [[ETOYUCICHHOW JIMHEWHOM 3a/1a4l ONTUMU3AINH, CTPOSITCS TPYIIOBOE YpaBHEHHE U CIIpa-
BE/UIMBOE HEPABEHCTBO, KOTOPHIE MO3BOJISIOT IBUTaThCsl OT OJHOM BEPIIMHBI MHOTOBEPIIMHHUKA K

JIPyTroy Kak B CUMILIEKC-MeToze [3].

3akioueHue. V310KeHHbIE pe3yJIbTaThl ABJSIOTCS TEOPETHUCCKON OCHOBOM IS pa3pabOTKH
AITOPUTMOB, PEATM3yEMbIX B BHJI€ KOMITBIOTEPHBIX MPOrPaMM, CIIOCOOHBIX PEIIaTh MPAKTUUECKHE
3a/1aun OOJIBIIIOTO pa3Mepa 3a MpUeMIIeMOe BpeMs. BhlaucinuTeIbHbIe YCUITUS HaIllpaBJIeHbl HAa CO-
KpallleHHe BPEMEHHOTO pa3phiBa MEXIAY PEIICHHEM IICJIOYMCICHHONW JTUHEHHOM 3a7a4i ONTHMH3a-
MM U PEIICHUEM COOTBETCTBYIOIIEH €11 IMHEHHON 3a1auH.
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