
Óðàâíåíèÿ íàä ãðàôàìè

À.Â. Òðåéåð

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ

1 èþíÿ 2022

1 / 15



Óðàâíåíèÿ

2x = 2

x = 1 � ðåøåíèå, ìíîæåñòâî ðåøåíèé � òî÷êà.
2x+ 4y = 8
x = 4− 2y � ðåøåíèå, ìíîæåñòâî ðåøåíèé � ïðÿìàÿ.

A = 〈Z; +2,−1, 0〉

Óðàâíåíèÿ â A âñåãäà ðàçðåøèìû. Ê òîìó æå, ìîæíî ëþáóþ
áåñêîíå÷íóþ ñèñòåìó óðàâíåíèé îò êîíå÷íîãî ÷èñëà íåèçâåñòíûõ
ñâåñòè ê êîíå÷íîé ïîäñèñòåìå.
Ðåøàòü óðàâíåíèÿ è ñâîäèòü ê êîíå÷íîé ïîäñèñòåìå ïîìîãàåò ìåòîä
Ãàóññà.
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Óðàâíåíèÿ

x2 = 1

x = ±1 � ðåøåíèå, ìíîæåñòâî ðåøåíèé � äâå òî÷êè.

2x2 + 4y3 − xy = 8 áóäåò ëè ðåøåíèå?
A = 〈Z; ·2,+2,−1, 0〉
10-ÿ ïðîáëåìà Ãèëüáåðòà: óðàâíåíèÿ â A ÍÅ âñåãäà ðàçðåøèìû.
Ðåøåíà â 1971 ãîäó Þðèåì Ìàòèÿñåâè÷åì.
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Óðàâíåíèÿ

Óíèâåðñàëüíàÿ àëãåáðàè÷åñêàÿ ãåîìåòðèÿ � îáëàñòü ìàòåìàòèêè,
èçó÷àþùàÿ óðàâíåíèÿ íàä ðàçíûìè àëãåáðàè÷åñêèìè ñèñòåìàìè
(ãðóïïû, êîëüöà, ïîëÿ, ïîëóãðóïïû, ïîðÿäêè, ìàòðîèäû, ãðàôû è
ò.ï.).
A = 〈M ;F, P,C〉.

Ïðîåêò ÐÍÔ 17-11-01117, ÎìÃÒÓ, ðóê. Â.Í. Ðåìåñëåííèêîâ:
Óðàâíåíèÿ íàä àëãåáðàè÷åñêèìè ñèñòåìàìè: êîîðäèíàòíûå
àëãåáðû, àëãîðèòìû, àïïðîêñèìàöèÿ àëãîðèòìîâ è òåîðèé.
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Ìîäåëÿìè ñîâðåìåííîé ìàòåìàòèêè ÿâëÿþòñÿ àëãåáðàè÷åñêèå
L-ñèñòåìû, ãäå L-ÿçûê (ñèãíàòóðà), ñîäåðæàùèé ôóíêöèîíàëüíûå è
ïðåäèêàòíûå ñèìâîëû, à òàêæå êîíñòàíòû. Åñëè 30-40 ëåò íàçàä
îñíîâíûìè èññëåäóåìûìè àëãåáðàè÷åñêèìè ñèñòåìàìè áûëè ãðóïïû,
êîëüöà è ïîëÿ, òî â ñîâðåìåííîé ìàòåìàòèêå âñå áîëüøåå çíà÷åíèå
ïðèîáðåòàþò àëãåáðàè÷åñêèå ñèñòåìû ñ ïðåäèêàòíîé ñèãíàòóðîé
(ãðàôû, ìàòðîèäû, ðåøåòêè, ÷àñòè÷íûå ïîðÿäêè, áóëåâû àëãåáðû è
ïð.).
. . .
Îñíîâíàÿ öåëü íàñòîÿùåãî ïðîåêòà - â ïðèëîæåíèè îáùèõ ïðîöåäóð
è àëãîðèòìîâ ... ê èçó÷åíèþ ñèñòåì óðàâíåíèé è íåðàâåíñòâ äëÿ
êîíêðåíòíûõ àëãåáðàè÷åñêèõ ñèñòåì - ãðàôîâ, ìàòðîèäîâ, ðåøåòîê,
÷àñòè÷íûõ ïîðÿäêîâ à òàêæå äëÿ ãðóïï, ïîëóãðóïï è êîëåö. Îòìåòèì,
÷òî íàø âûáîð àëãåáðàè÷åñêèõ ñèñòåì ñâÿçàí ñ êëàññè÷åñêèìè
àëãåáðàè÷åñêèìè ñèñòåìàìè, òåîðèÿ êîòîðûõ ÿâëÿåòñÿ î÷åíü
òðóäíîé è ïîêà ïëîõî ïîääàþòñÿ èçó÷åíèþ ñòàíäàðòíûìè ìåòîäàìè.
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Ãðàô êàê àëãåáðàè÷åñêàÿ ñèñòåìà

Ïóñòü V � ïðîèçâîëüíîå ìíîæåñòâî.

Ãðàô Γ ýòî ïàðà (V,E).

V ýòî ìíîæåñòâî âåðøèí.

E ⊆ V × V ìíîæåñòâî ð¼áåð.

Äâå âåðøèíû x, y ∈ V ñîåäèíåíû åñëè (x, y) ∈ E.

ßçûê ãðàôîâ: L = {E2,=2}, ãäå E2 ýòî ïðåäèêàò ñîñåäñòâà, à =2 ýòî
ïðåäèêàò ðàâåíñòâà äëÿ âåðøèí.

Ðàñøèðÿåì ÿçûê êîíñòàíòíûìè ñèìâîëàìè - âåðøèíàìè ãðàôà:
L(Γ) = L ∪ {V }.
Ìû ìîæåì ðàññìàòðèâàòü Γ êàê àëãåáðàè÷åñêóþ ñèñòåìó íàä
ìíîæåñòâîì âåðøèí V â ÿçûêå L(Γ).
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Óðàâíåíèÿ íàä ãðàôàìè

Óðàâíåíèÿ: E(x, y), E(x, v), E(u, v), x = y, x = v, u = v.

Ñèñòåìà óðàâíåíèé: 
E(x, y)

E(x, z)

E(z, v)
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Í¼òåðîâîñòü ïî óðàâíåíèÿì

Îïðåäåëåíèå. Àëãåáðàè÷åñêàÿ ñèñòåìà A ÿâëÿåòñÿ íåòåðîâîé ïî
óðàâíåíèÿì, åñëè äëÿ ëþáîãî íàòóðàëüíîãî ÷èñëà n ëþáàÿ ñèñòåìà
óðàâíåíèé S(x) îò n íåèçâåñòíûõ x ýêâèâàëåíòíà ñâîåé íåêîòîðîé
êîíå÷íîé ïîäñèñòåìå S0(x) ⊂ S(x).

Ý.Þ. Äàíèÿðîâà, À.Ã. Ìÿñíèêîâ, Â.Í. Ðåìåñëåííèêîâ,
Óíèâåðñàëüíàÿ àëãåáðàè÷åñêàÿ ãåîìåòðèÿ, Èçäàòåëüñòâî ÑÎ
ÐÀÍ, Íîâîñèáèðñê, 2016
Available at
http://iitam.omsk.net.ru/ remesl/articles/monography.pdf (in
Russian)

G. Baumslag, A.Miasnikov, V.Roman'kov Two theorems about
equationally noetherian groups, JoA, 1997

Ch. K. Gupta, N. S. Romanovskii, �The property of being
equationally Noetherian for some soluble groups�, Algebra and Logic,
46:1 (2007), 28�36

M. Shahryari, A.Shevlyakov Direct products, varieties, and
compactness conditions, GCC, 2017
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Ïðèìåðû

Í¼òåðîâû ïî óðàâíåíèÿì àëãåáðàè÷åñêèå ñèñòåìû:

Âñå êîíå÷íûå àëãåáðàè÷åñêèå ñèñòåìû;

Àáåëåâû ãðóïïû;

Ëèíåéíûå ãðóïïû;

Æåñòêèå ãðóïïû, ðàçðåøèìûå ãðóïïû;

Ãèïåðáîëè÷åñêèå ãðóïïû áåç êðó÷åíèÿ;

Ëîêàëüíî êîíå÷íûå ãðàôû;

Íåí¼òåðîâû ïî óðàâíåíèÿì àëãåáðàè÷åñêèå ñèñòåìû:

AwrB, A � íåàáåëåâà, B � áåñêîíå÷íà.

Gω, G � íåàáåëåâà ãðóïïà.

íåêîòîðûå áåñêîíå÷íîïîðîæäåííûå íèëüïîòåíòíûå ãðóïïû.

íåêîòîðûå ìîíîéäû, ïîëóãðóïïû

íåêîòîðûå áåñêîíå÷íûå ãðàôû
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Ãèïåðáîëè÷åñêèå ãðóïïû áåç êðó÷åíèÿ;

Ëîêàëüíî êîíå÷íûå ãðàôû;

Íåí¼òåðîâû ïî óðàâíåíèÿì àëãåáðàè÷åñêèå ñèñòåìû:

AwrB, A � íåàáåëåâà, B � áåñêîíå÷íà.

Gω, G � íåàáåëåâà ãðóïïà.

íåêîòîðûå áåñêîíå÷íîïîðîæäåííûå íèëüïîòåíòíûå ãðóïïû.

íåêîòîðûå ìîíîéäû, ïîëóãðóïïû

íåêîòîðûå áåñêîíå÷íûå ãðàôû
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Ëåììà Êîòîâà

Ëåììà. Àëãåáðàè÷åñêàÿ ñèñòåìà A = 〈A,L〉 íåíåòåðîâà ïî
óðàâíåíèÿì òîãäà è òîëüêî òîãäà, êîãäà, êîãäà ñóùåñòâóþò
ïîñëåäîâàòåëüíîñòü (ai)i∈N, ai ∈ An, è ïîñëåäîâàòåëüíîñòü
óðàâíåíèé (si(x))i∈N ÿçûêà L òàêèå ÷òî A 6|= si(ai) äëÿ ëþáûõ i, è
A |= sj(ai) äëÿ ëþáûõ j < i.

s1 a1

s2 a2

s3 a3

s4 a4

. . .
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Ïðîáëåìà Áàóìñëàãà, Ìÿñíèêîâà, Ðåìåñëåííèêîâà

Ñóùåñòâóåò îñëàáëåííàÿ âåðñèÿ ïîíÿòèÿ íåòåðîâñòè ïî óðàâíåíèÿì:

Îïðåäåëåíèå. Ïóñòü n íàòóðàëüíîå ÷èñëî. Áóäåì íàçûâàòü
àëãåáðàè÷åñêóþ ñèñòåìó A, n-íåòåðîâîé ïî óðàâíåíèÿì åñëè ëþáàÿ
ñèñòåìà óðàâíåíèé îò n ïåðåìåííûõ ýêâèâàëåíòíà ñâîåé êîíå÷íîé
ïîäñèñòåìå.

G. Baumslag, A. Miasnikov, V. Remeslennikov, Algebraic geometry over
groups I. Algebraic sets and ideal theory. Journal of Algebra, 219 (1999)
16-79.

Âîïðîñ. Ïóñòü ãðóïïà G = 〈G,LG〉 ÿâëÿåòñÿ 1-íåòåðîâîé. Ñëåäóåò
ëè, ÷òî G íåòåðîâà ïî óðàâíåíèÿì â öåëîì?

Ýòîò æå âîïðîñ àêòóàëåí äëÿ äðóãèõ àëãåáðàè÷åñêèõ ñèñòåì.
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Ãðàôû

Òåîðåìà (Áó÷èíñêèé, T)

Ïîíÿòèÿ 1-íåòåðîâîñòè ïî óðàâíåíèÿì è íåòåðîâîñòè ïî óðàâíåíèÿì
ýêâèâàëåíòíû äëÿ ãðàôîâ.

s1 a1

s2 a2

s3 a3

s4 a4

. . .
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Ïóñòü N ýòî ñëåäóþùèé ãðàô. Ìû íàçûâàåì åãî áàçèñíûì
íåíåòåðîâûì ãðàôîì.

b1 a1

b2 a2

b3 a3

b4 a4

. . .

Îïðåäåëåíèå

Âëîæåíèå φ ãðàôà N â ãðàô Γ íåíåòåðîâî åñëè îíî ñîõðàíÿåò
ñìåæíîñòü ìåæäó ïàðíûìè âåðøèíàìè(ai è bi) â ãðàôå N .
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Òåîðåìà (Áó÷èíñêèé, T)

Ïðîèçâîëüíûé ïðîñòîé ãðàô Γ íå ÿâëÿåòñÿ í¼òåðîâûì ïî
óðàâíåíèÿì òîãäà è òîëüêî òîãäà, êîãäà îí ñîäåðæèò áåñêîíå÷íóþ
êëèêó êàê ïîäãðàô, ëèáî ãðàô N ìîæåò áûòü âëîæåí â G ñ
ïîìîùüþ íåíåòåðîâîãî âëîæåíèÿ.
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Äîêàçàòåëüñòâî

b1 a1

b2 a2

b3 a3

b4 a4

. . .
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Ìîùíîñòü ìíîæåñòâà íåíåòåðîâûõ ãðàôîâ

Ñëåäñòâèå (BT)

Ìíîæåñòâî âñåõ íåíåòåðîâûõ ãðàôîâ èìååò ìîùíîñòü êîíòèíóóìà.

Ñïàñèáî çà âíèìàíèå!
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