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Ðàññìîòðåíî ñåìåéñòâî äèôôåðåíöèàëüíûõ óðàâíåíèé ðàñïðîñòðàíåíèÿ çâóêà
â äâóìåðíîé íåïîäâèæíîé íåîäíîðîäíîé ñðåäå. Äëÿ óðàâíåíèé äàííîãî ñåìåéñòâà
èùóòñÿ îáîáùåííûå ôóíêöèîíàëüíî-èíâàðèàíòíûå (ÎÔÈ) ðåøåíèÿ, êîòîðûå çàäà-
þò òàê íàçûâàåìûå ñåìåéñòâà îòíîñèòåëüíî íåèñêàæàþùèõñÿ áåãóùèõ âîëí. Äëÿ
ïîèñêà ÎÔÈ ðåøåíèé íåîáõîäèìî èññëåäîâàòü íà ñîâìåñòíîñòü íåêîòîðóþ ïåðå-
îïðåäåëåííóþ ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé äëÿ ôóíêöèé çàâèñÿùèõ îò
òðåõ ïåðåìåííûõ (âðåìåíè è äâóõ ïðîñòðàíñòâåííûõ êîîðäèíàò). Â ðàáîòå ïðåä-
ëîæåí ïîäõîä, ïîçâîëÿþùèé ñâåñòè ýòó ñèñòåìó ê ïåðåîïðåäåëåííîé ñèñòåìå, äëÿ
ôóíêöèé óæå îò äâóõ íåçàâèñèìûõ ïåðåìåííûõ, ÷òî çíà÷èòåëüíî óïðîùàåò åå àíà-
ëèç. Ïðèâåäåí ïðèìåð òî÷íîãî ÎÔÈ ðåøåíèÿ.

Ââåäåíèå

Ðàññìîòðèì äâóìåðíîå óðàâíåíèå ðàñïðîñòðàíåíèÿ çâóêà â íåïîäâèæíîé íåîäíîðîä-
íîé ñðåäå [1]:
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ãäå ρ = ρ(x, y) > 0, c = c(x, y) > 0 � çàäàííûå ôóíêöèè.
Áóäåì èñêàòü ôóíêöèè u = u(t, x, y), q = q(t, x, y) òàêèå, ÷òî

p = uΨ(q) (2)

áóäåò ðåøåíèåì óðàâíåíèÿ (1) ïðè âñåõ (äîñòàòî÷íî ãëàäêèõ) ôóíêöèÿõ Ψ. Ñîîòâåò-
ñòâóþùèå ðåøåíèÿ íàçûâàþò îáîáùåííûìè ôóíêöèîíàëüíî-èíâàðèàíòíûìè (ÎÔÈ) [2].
ÎÔÈ ðåøåíèÿ çàäàþò òàê íàçûâàåìûå ñåìåéñòâà îòíîñèòåëüíî íåèñêàæàþùèõñÿ áåãó-
ùèõ âîëí [3].

Â äîêëàäå ïðèâåäåíû ñëåäóþùèå ðåçóëüòàòû. Âûïèñàíû íåîáõîäèìûå óñëîâèÿ ñóùå-
ñòâîâàíèÿ ÎÔÈ ðåøåíèé. Ýòè óñëîâèÿ ïðåäñòàâëÿþò èç ñåáÿ ïåðåîïðåäåëåííóþ ñèñòåìó
äèôôåðåíöèàëüíûõ óðàâíåíèé íà ôóíêöèè, êîòîðûå çàâèñÿò îò òðåõ íåçàâèñèìûõ ïåðå-
ìåííûõ. Ïîëó÷åííóþ ñèñòåìó óäàåòñÿ ïåðåïèñàòü â òàêîì âèäå, ÷òî îäíà èç ïåðåìåííûõ
ïåðåñòàåò âõîäèòü â ÿâíîì âèäå â óðàâíåíèÿ, ÷òî çíà÷èòåëüíî îáëåã÷àåò åå äàëüíåéøèé
àíàëèç.

Îñòàâøàÿñÿ ÷àñòü äîêëàäà ïîñâÿùåíà ðåøåíèÿì, êîòîðûå ìîæíî ïðåäñòàâèòü â âèäå

p = u1Φ1(q) + u2Φ2(q), (3)

ñ ïðîèçâîëüíûìè ôóíêöèÿìè Φ1 è Φ2 (íåòðóäíî çàìåòèòü, ÷òî ëþáîå ðåøåíèå óäîâëå-
òâîðÿþùåå ýòîìó óñëîâèþ ÿâëÿåòñÿ ÎÔÈ ðåøåíèåì). Èçëîæåíà ïðîöåäóðà ãåíåðàöèè

∗Ðàáîòà âûïîëíåíà â ðàìêàõ Èíòåãðàöèîííîãî ïðîåêòà ÑÎ ÐÀÍ � 103.
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ðåøåíèé âèäà (3) âìåñòå ñ óðàâíåíèÿìè, êîòîðûì îíè óäîâëåòâîðÿþò. Âûïèñàíû óñëî-
âèÿ íà ôóíêöèè c è ρ íåîáõîäèìûå è äîñòàòî÷íûå äëÿ ñóùåñòâîâàíèÿ ðåøåíèé âèäà
(3).

Íåîáõîäèìûå óñëîâèÿ ñóùåñòâîâàíèÿ ÎÔÈ ðåøåíèé

Ïîäñòàâèì ïðåäñòàâëåíèå (2) â óðàâíåíèå (1). Ïðèðàâíèâàÿ íóëþ êîýôôèöèåíòû
ïðè Ψ′′, Ψ′, Ψ ïîëó÷èì ïåðåîïðåäåëåííóþ ñèñòåìó íà ôóíêöèè u è q:

q2
t

c2
= q2

x + q2
y,

utt
ρc2

=
(ux
ρ

)
x

+
(uy
ρ

)
y
,

utqt + (uqt)t
ρc2

=
uxqx
ρ

+
(uqx
ρ

)
x

+
uyqy
ρ

+
(uqy
ρ

)
y
. (4)

Ñäåëàåì â (4) çàìåíó u = vqt:

q2
t = c2(q2

x + q2
y),

2vtqt + vqtt = c2(2vxqx + 2vyqy + v∆q − ρxρ−1vqx − ρyρ−1vqy), (5)

vttqt + vtqt = c2(2vxtqx + 2vytqy + vt∆q − qt∆v − ρxρ−1(vtqx − vxqt)− ρyρ−1(vtqy − vyqt)).

ãäå ∆ =
∂2

∂x2
+

∂2

∂y2
.

Ïåðåïèøåì ñèñòåìó (5), âûáðàâ â êà÷åñòâå íåçàâèñèìûõ ïåðåìåííûõ x, y è q, à â
êà÷åñòâå íåèçâåñòíûõ ôóíêöèé t = Φ(x, y, q) è v = v(x, y, q):

Φ2
x + Φ2

y = c−2,

2(Φxvx + Φyvy) + (Φxx + Φyy − ρxρ−1Φx − ρyρ−1Φy)v = 0, (6)

vxx + vyy − ρxρ−1vx − ρyρ−1vx = 0.

Ïóñòü v = ρ1/2w, òîãäà ñèñòåìà (6) çàïèøåòñÿ â ñëåäóþùåé ôîðìå:

Φ2
x + Φ2

y = h, (7a)

2(Φxwx + Φywy) + (Φxx + Φyy)w = 0, (7b)

wxx + wyy − fw = 0, (7c)

ãäå f =
∆(ρ−1/2)

ρ−1/2
=

3

4
ρ−2(ρ2

x + ρ2
y)−

1

2
ρ−1(ρxx + ρyy), h = c−2.

Ñèñòåìà (7) óæå íå ñîäåðæèò íè ñàìó ïåðåìåííóþ q, íè ïðîèçâîäíûõ âçÿòûõ ïî
ýòîé ïåðåìåííîé. Ïîýòîìó â äàëüíåéøåì ìû áóäåì îïåðèðîâàòü ñ ýòîé ñèñòåìîé, êàê ñ
ñèñòåìîé ñ äâóìÿ íåçàâèñèìûìè ïåðåìåííûìè. Äëÿ òîãî, ÷òîáû ìû èìåëè âîçìîæíîñòü
âûïîëíèòü îáðàòíóþ çàìåíó è âûðàçèòü q ÷åðåç t, x è y, ñëåäóåò èñêàòü òîëüêî òàêèå
ðåøåíèÿ, â êîòîðûõ Φ çàâèñèò ïî ìåíüøåé ìåðå îò îäíîé êîíñòàíòû (ò.å. ïî ìåíüøåé
ìåðå îò îäíîé ïðîèçâîëüíîé ôóíêöèè, åñëè ñíîâà ñìîòðåòü íà (7) êàê íà ñèñòåìó ñ òðåìÿ
íåçàâèñèìûìè ïåðåìåííûìè). Íåòðóäíî ïîíÿòü, ÷òî ìû âñåãäà ìîæåì ¾çàðàáîòàòü¿ ýòó
êîíñòàíòó ïðèáàâèâ ê Φ ïðîèçâîëüíîå ÷èñëî.
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Ñïîñîá ïîñòðîåíèÿ ðåøåíèé âèäà (3)

Çàïèøåì óñëîâèå ñîâìåñòíîñòè (7b) è (7c), êàê óðàâíåíèé îòíîñèòåëüíî w:

4(wxTx + wyTy) + w(2(ΦxFx + ΦyFy) + ∆T + 4T (ΦxTx + ΦyTy) + (4F + T 2)∆Φ) = 0, (8)

ãäå F =
f

Φ2
x + Φ2

y

=
f

h
, T =

∆Φ

Φ2
x + Φ2

y

.

Ïîòðåáóåì òåïåðü, ÷òîáû ÎÔÈ ðåøåíèÿ èìåëè âèä (3). Òîãäà, óðàâíåíèå (8), êàê
óðàâíåíèå îòíîñèòåëüíî w, äîëæíî áûòü ñëåäñòâèåì óðàâíåíèÿ (7b), äëÿ òîãî ÷òîáû,
ïðè çàäàííûõ Φ è f , ôóíêöèÿ w íàõîäèëàñü èç ñèñòåìû (7) ñ ïðîèçâîëîì â äâå êîíñòàí-
òû (òî÷íåå ãîâîðÿ, â äâå ôóíêöèè îò ¾ñêðûòîé ïåðåìåííîé¿ q). Ýòî òðåáîâàíèå äàåò
äâà óðàâíåíèÿ:

ΦxTy − ΦyTx = 0, (9a)

2(ΦxFx + ΦyFy) + ∆T + 4T (ΦxTx + ΦyTy) + (4F + T 2)∆Φ =
2Tx
Φx

∆Φ. (9b)

Èíòåãðèðóÿ (9a), íàéäåì

Φ = θ(α), (10)

ãäå α ãàðìîíè÷åñêàÿ ôóíêöèÿ, ò.å. óäîâëåòâîðÿåò óðàâíåíèþ Ëàïëïñà

∆α = αxx + αyy = 0, (11)

à ôóíêöèÿ θ � (äîñòàòî÷íî ãëàäêàÿ) ïðîèçâîëüíàÿ. Â äàëüíåéøåì íàì ïîíàäîáèòñÿ
ãàðìîíè÷åñêàÿ ôóíêöèÿ β = β(x, y) ñîïðÿæåííàÿ ñ α:

αx = βy, αy = −βx. (12)

Ïîäñòàâèâ Φ èç (10) â (7b), ïîëó÷èì

2θ′(αxwx + αywy) + θ′′(α2
x + α2

y)w = 0. (13)

Ðåøàÿ (13) îòíîñèòåëüíî w, íàéäåì

w = θ′
−1/2

W (β), (14)

ãäå W (β) � ïðîèçâîëüíàÿ ôóíêöèÿ.
Ïîäñòàâèâ ïðåäñòàâëåíèå (14) â óðàâíåíèå (7c), íàéäåì, ÷òî ôóíêöèÿ W äîëæíà

óäîâëåòâîðÿòü óðàâíåíèþ âòîðîãî ïîðÿäêà:

(α2
x + α2

y)

(
W ′′ +

(
−1

2
θ′
−1
θ′′′ +

3

4
θ′
−2
θ′′

2

)
W

)
− fW = 0. (15)

Èòàê, ðàññìîòðèì ñïîñîá ïîñòðîåíèÿ ÎÔÈ ðåøåíèé âèäà (3). Çàäàäèìñÿ ãàðìîíè-
÷åñêîé ôóíêöèåé α è ôóíêöèåé îò íåå θ(α). Òîãäà èç (10) ìû çíàåì Φ = θ(α). Èç (12)
íàéäåì

β =

∫ (x,y)

(x0,y0)

(αx dy − αy dx). (16)
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ÏóñòüW = W1(β) � îäíî èç ðåøåíèé óðàâíåíèÿ (15). Òîãäà âòîðîå ëèíåéíî íåçàâèñèìîå
ðåøåíèå ÎÄÓ âòîðîãî ïîðÿäêà ñ íóëåâûì êîýôôèöèåíòîì ïðè ïåðâîé ïðîèçâîäíîé
ìîæíî ïîëó÷èòü ïî ôîðìóëå

W2 = W1

∫ β

β0

dβ

W 2
1

.

Îáùåå ðåøåíèå (15)
W = C1W1 + C2W2.

Äàëåå, èç (14) íàõîäèì w = θ′−1/2W (β). Ñ ïîìîùüþ (7a) âû÷èñëèì c =
1

θ′
√

(α2
x + α2

y)
.

Èç (15) íàõîäèì f :

f =

(
W ′′

1

W1

+

(
−1

2
θ′
−1
θ′′′ +

3

4
θ′
−2
θ′′

2

))
(α2

x + α2
y).

Äëÿ òîãî ÷òîáû, çíàÿ f , íàéòè ρ, íåîáõîäèìî ðåøèòü ëèíåéíîå îòíîñèòåëüíî ρ−1/2 óðàâ-
íåíèå

∆(ρ−1/2) = fρ−1/2.

Îáùåå ðåøåíèå äàííîãî óðàâíåíèÿ ìîæíî ïîëó÷èòü íå âñåãäà, îäíàêî ýòî óðàâíåíèå
ãàðàíòèðîâàííî èìååò ÷àñòíûå ðåøåíèÿ âèäà ρ−1/2 = w0, ãäå w0 � êàêîå-ëèáî ÷àñòíîå
ðåøåíèå óðàâíåíèÿ (7c) (êàê óðàâíåíèÿ îò äâóõ, à íå òðåõ ïåðåìåííûõ):

w0 = θ′
−1/2

(C0
1W1 + C0

2W2),

îòêóäà
ρ = θ′(C0

1W1 + C0
2W2)

−2.

Â ýòîì ñëó÷àå v = ρ1/2w =
w

w0

. Êàê óæå ìûëî ñêàçàíî, åñëè ïðèáàâëåíèå ê Φ = Φ(x, y)

ëþáîé êîíñòàíòû ïåðåâîäèò ðåøåíèå â ðåøåíèå. Âûáåðåì â êà÷åñòâå òàêîé ¾êîíñòàíòû¿
q. Òîãäà t = q + Φ(x, y), îòêóäà q = t− Φ(x, y). È, íàêîíåö, íàéäåì u = vqt = v.

Ïðèìåð. Ïóñòü ãàðìîíè÷åñêàÿ ôóíêöèÿ α = x, òîãäà ñîïðÿæåííàÿ ôóíêöèÿ β = y.
Ïóñòü Φ = θ(α) = arctgα = arctg x. Òîãäà c = x2 +1. Âûáåðåì â êà÷åñòâå W1 = y3, òîãäà
W2 = y−2. Íàéäåì

w = (x2 + 1)1/2(C1(q)y
3 + C2(q)y

−2).

Âû÷èñëèì f = 6y−2 + (x2 + 1)−2. Âîçüìåì â êà÷åñòâå ÷àñòíîãî ðåøåíèÿ óðàâíåíèÿ

∆(ρ−1/2) = (6y−2 + (x2 + 1)−2)ρ−1/2

ôóíêöèþ w0 = ρ−1/2 = (x2 + 1)1/2y−2, îòêóäà ρ =
y4

x2 + 1
. È, íàêîíåö, íàéäåì ÎÔÈ

ðåøåíèå

p = u = v =
w

w0

=
(x2 + 1)1/2(C1(q)y

3 + C2(q)y
−2)

(x2 + 1)1/2y−2
= C1(q)y

5 + C2(q),

ãäå q = t− Φ = t− arctg x, à C1, C2 � ïðîèçâîëüíûå ôóíêöèè.
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Íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ ðåøåíèé âèäà (3)

Çàïèøåì èìåþùèåñÿ óðàâíåíèÿ íà Φ.

Φ2
x + Φ2

y = h, (17a)

ΦxTy − ΦyTx = 0, (17b)

2(ΦxFx + ΦyFy) + ∆T + 4T (ΦxTx + ΦyTy) + (4F + T 2)∆Φ =
2Tx
Φx

∆Φ. (17c)

Êàê óæå áûëî ñêàçàíî, óðàâíåíèå (17b) ýêâèâàëåíòíî òîìó, ÷òî Φ ïðåäñòàâèìî â
âèäå ôóíêöèè îò ãàðìîíè÷åñêîé ôóíêöèè α. Çàïèøåì ýòî óñëîâèå ñëåäóþùèì îáðàçîì

αyΦx − αxΦy = 0. (18)

Èñêëþ÷àÿ èç (17a) è (18) Φ (ýòî íåòðóäíî ñäåëàòü, âûðàçèâ Φx è Φy èç äàííûõ óðàâíåíèé
è ïåðåêðåñòíî ïðîäèôôåðåíöèðîâàâ ïîëó÷åííûå ñîîòíîøåíèÿ) ïîëó÷èì óðàâíåíèå:

(α2
y + α2

x)(αxhy − αyhx) + 2(αxαyαxx − α2
xαxy + α2

yαxy − αxαyαyy)h = 0. (19)

Óñëîâèåì ñîâìåñòíîñòè óðàâíåíèé (11) è (19) ÿâëÿåòñÿ (Reduce):

Hyαx −Hxαy = 0, (20)

ãäå

H =
∆(lnh)

h
.

Ïîäñòàâèì ðàíåå íàéäåííûå Φx è Φy â (17c). Ïîñëå íåêîòîðûõ ïðåîáðàçîâàíèé, ñ
ó÷åòîì óðàâíåíèé (19), (11) è (20), ðåçóëüòàò ìîæíî çàïèñàòü â âèäå

(α2
x+α2

y)(f̄xαx+f̄yαy)+2f̄ [α2
yαxx−2αxαyαxy+α

2
xαyy]+

1

8
h(α2

x+α2
y)(αxHx+αyHy) = 0, (21)

ãäå f̄ = f +
1

8
hH.

Ñëó÷àé H 6= const. Óñëîâèåì ñîâìåñòíîñòè (11) è (20) áóäåò àíàëîã óðàâíåíèÿ (9a):

Hx

(
Hxx +Hyy

H2
x +H2

y

)
y

−Hy

(
Hxx +Hyy

H2
x +H2

y

)
x

= 0. (22)

Óðàâíåíèå (19) (êàê óðàâíåíèå îòíîñèòåëüíî α) áóäåò ÿâëÿòüñÿ ñëåäñòâèåì óðàâíåíèé
(11) è (20) ïðè âûïîëíåíèè ñëåäóþùåãî óñëîâèÿ:

(H2
y +H2

x)(Hxhy −Hyhx) + 2(HxHyHxx −H2
xHxy +H2

yHxy −HxHyHyy)h = 0. (23)

Èç óðàâíåíèé (10) è (20) ñëåäóåò, ÷òî

HyΦx −HxΦy = 0. (24)

Âûðàçèâ èç (7a) è (24) Φx è Φy è ïîäñòàâèâ èõ â (9b), ïîëó÷èì

(H2
x +H2

y )(f̄xHx + f̄yHy) + 2(H2
yHxx − 2HxHyHxy +H2

xHyy)f̄ +
1

8
(H2

x +H2
y )2h = 0. (25)
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Èòàê, óðàâíåíèÿ (22), (23) è (25) äàþò (ïðè H 6= const) óñëîâèÿ ðàçðåøèìîñòè
ñèñòåìû (7), (9).

Ñëó÷àé H = const. Çàïèøåì èìåþùèåñÿ óðàâíåíèÿ íà α, ýòî (11), (19), (21):

αxx + αyy = 0,

(α2
y + α2

x)(αxhy − αyhx) + 2(αxαyαxx − α2
xαxy + α2

yαxy − αxαyαyy)h = 0,

(α2
x + α2

y)(f̄xαx + f̄yαy) + 2f̄ [α2
yαxx − 2αxαyαxy + α2

xαyy] = 0.

Â ïîñëåäíåì óðàâíåíèè ìû òàêæå ó÷ëè, ÷òî H = const.
Ïóñòü, f̄ = f̂−2. Âíîâü ïåðåéäåì îò ôóíêöèè h ê c (íàïîìíèì, ÷òî h = ñ−2) Òîãäà, â

÷àñòíîñòè, H = −2(ñ(ñxx + ñyy)− (ñ2
x + ñ2

y)). Ïðåäûäóùàÿ ñèñòåìà ïåðåïèøåòñÿ òàê:

αxx + αyy = 0, (26a)

ñ(αxαyαxx − α2
xαxy + α2

yαxy − αxαyαyy)− (α2
y + α2

x)(αxñy − αyñx) = 0, (26b)

f̂ [α2
yαxx − 2αxαyαxy + α2

xαyy]− (α2
x + α2

y)(f̂xαx + f̂yαy) = 0. (26c)

Àíàëèç íà ñîâìåñòíîñòü ñèñòåìû (26) áîëåå ñëîæåí. Îïóñêàÿ ïðîìåæóòî÷íûå âû-
êëàäêè, ïðèâåäåì îêîí÷àòåëüíûé ðåçóëüòàò. Ðàññìîòðèì ìàòðèöó

M =

f̂xxñ− f̂xñx − f̂yñy + f̂ñyy f̂xyñ− f̂ñxy
f̂xyñ− f̂ñxy f̂yyñ− f̂xñx − f̂yñy + f̂ñxx

Sx Sy

 , (27)

ãäå S = f̂∆f̂ − (f̂ 2
x + f̂ 2

y ). Äëÿ òîãî, ÷òîáû ñèñòåìà (26) èìåëà íåòðèâèàëüíûå ðåøåíèÿ,
íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû

rankM < 2. (28)

Èòàê, óðàâíåíèÿ (27), (28) äàþò (ïðè H = const) óñëîâèÿ ðàçðåøèìîñòè ñèñòåìû
(7), (9).
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